We construct the bi-Hamiltonian structure of the waterbag model of dKP and establish the third-order Hamiltonian operator associated with the waterbag model. Also, the symmetries and conserved densities of rational type are discussed.
Introduction
The dispersionless KP hierarchy(dKP or Benney moment chain) is defined by (1) ∂ tn λ(p) = {λ(p), B n (p)}, n = 1, 2, · · · ., where the Lax operator λ(p) is
and it can be used to define a set of polynomials:
B n (p) = [λ n (p)] + n , i = 1, 2, 3, · · · t 1 = x.
Here [· · · ] + denotes a non-negative part of the Laurent series λ n (p). For example,
Moreover, the bracket in (1) stands for the natural Poisson bracket on the space of functions of the two variables (x, p):
{f (x, p), g(x, p)} = ∂ x f ∂ p g − ∂ x g∂ p f.
The compatibility of (1) will imply the zero-curvature equation
If we denote t 2 = y and t 3 = t, then the equation (4) for m = 2, n = 3 gives
from which the dKP equation is derived(v 2 = v)
According to the dKP theory [1, 11, 13, 26] , there exists a wave function S(λ, x, t 2 , t 3 , · · · ) such that p = S x and satisfies the Hamiltonian-Jacobian equation
It can be seen that the compatibility of (6) also implies the zerocurvature equation (4) . Now, we expand B n (p) as
where the coefficients can be calculated by the residue form:
G in = −res λ=∞ (λ i B n (p)dλ) = 1 i + 1 res p=∞ (λ i+1 ∂B n (p) ∂p dp), which also shows the symmetry property
Moreover, from ∂B m (λ) ∂t n = ∂B n (λ) ∂t m this implies the integrability of G in as expressed in terms of the free energy F (dispersionless τ function) [26] 
For example, the series inverse to (2) is
, v n+1 and in fact (8) h n ≡ F 1n n = res p=∞ λ n n dp are the conserved densities for the dKP hierarchy (1) . In [3, 4] , it's proved that dKP hierarchy (1) is equivalent to the dispersionless Hirota equation
Next, we consider the symmetry constraint [2] (10)
In [5] , the two-component case of (13) is investgated. We see that the equation (13) can be written as the Hamiltonian system
where δ is the variation derivative and
A bi-Hamiltonian structure is defined as (in the case of dKP)
and H is some Hamiltonian such that J 2 is also a Hamiltonian operator, which is compatible with J 1 , i.e., J 1 + cJ 2 is also a Hamiltonian one for any complex number c [8, 14, 20] . We hope to find J 2 and the related Hamiltonian H.
Furthermore, from the bi-Hamiltonian structure (22) or (24)(see below) of the waterbag model (11) , we also find the recursion operator R in (23)(see below) is local. Then, according to the bi-Hamiltonian theory [14, 22] , one can construct rational symmetries using the local recursion operator. Hence the higher-order rational conserved densities (quasi-rational functions) are investigated.
This paper is organized as follows. In the next section, we construct the the bi-Hamiltonian structure of the waterbag model from the Landau-Ginsburg formulation in topological field theory. Section 3 is devoted to investigating the quasi-rational symmetries and the corresponding conserved densities of the waterbag model. In the final section, one discusses some problems to be investigated 2. Free energy and bi-Hamiltonian structure
In this section, we investigate the relations between bi-Hamiltonian structure and free energy of waterbag model.
The free energy is a function F(t 1 , t 2 , · · · , t n ) such that the associated functions,
satisfy the following conditions.
• The matrix η ij = c 1ij is constant and non-degenerate. This together with the inverse matrix η ij are used to raise and lower indices. • The functions c i jk = η ir c rjk define an associative commutative algebra with a unity element(Frobenius algebra). Equations of associativity give a system of non-linear PDE for F(t)
∂t µ ∂t β ∂t σ . These equations constitute the Witten-Dijkgraaf-Verlinde-Verlinde (or WDVV) equations. The geometrical setting in which to understand the free energy F(t) is the Frobenius manifold [8, 9] . One way to construct such manifold is derived via Landau-Ginzburg formalism as the structure on the parameter space M of the appropriate form λ = λ(p; t 1 , t 2 , · · · , t n ).
The Frobenius structure is given by the flat metric 
From c γ αβ (t), one can construct intrgable hierarchies whose corresponding Hamiltonian densities are defined recursively by the formula
where l ≥ 1, α = 1, 2, · · · , n, and ψ 0 α = η αǫ t ǫ . The integrability conditions for this systems are automatically satisfied when the c k ij are defined as above.
For the waterbag model (11), we have the following
From the theorem, one can get the free energy associated with the waterbag model (11) , noting that p ′ i s are flat coordinates,
where p = (p 1 , p 2 , · · · , p M ). Also, we have
If we define e i = ∂λ ∂p i = ǫ i p−p i , then it's not difficult to see that
Hence we have the recursion relation
Morever, we also have
We can express (17) as
Therefore we obtain the recursion operator [19] 
where (20)
Also, it's known that the Hamiltonian operators [16, 17] (see also [19] )
are compatible. Consequently, using (21) or R 2 = J −1 1 J 2 , we obtain the bi-Hamiltonian structure for the waterbag model (11) , n ≥ 2,
where W is defined by (20) .
For n = 2, i.e.(13), one can directly verify the bi-Hamiltonian structure (22) . Remark : Using the Legendre-type transformation for WDVV equation in [8] , we can introduce new flat coordinates from the first row vector of (20)
The inverse transformation of above equation is
Then the new free energy satisfying the WDVV equation is [18]
and Li 3 (e x ) is defined by
which has the properities
Using the different row vectors of (20), we can obtain different flat coordinate systems and then get different free energies using the Legendre transformation.
Higher-order Symmetries and conservational Laws
In this section, we investigate the symmetries and the conserved densities of waterbag model involving quasi-rational function. Quasirational means rational with respect to higher derivatives . This will generalize the results in [23] We start with the recursion operator (19) . it can be seen that [19] . And the bi-Hamiltonian structure (22) can also be written as (n ≥ 2)
the Hamiltonian operatorĴ 2 =R 2 J 1 being third order. Also,
Next, we can express (13) as
We notice that (∂ y − ∂ x H) is the Frechet's derivative operator for the system (26) . It is not difficult to see that if
is commuting flow with (26), then we have
Lemma 3.1. : Let W be defined in (20) .
Proof. Direct computations.
Theorem 3.2. The recursion operatorR satisfies the Lax representation
Proof. Using the lemma, we get
Hence from the theorem one knows that the Frechet's derivative operator and recursion operator commute,i.e.,
Morever, if we let (H
then from (25) we also yield
Therefore we obtain the following Theorem 3.3. Let h n+1 be defined by (8) and Q m be the flows defined by
Then Q m is a commcuting flow with p tn , i.e., p tntτ m = p tτ m tn provided m ≥ n Proof. Let's denote
where W is defined by (20) . A direct computation can obtain this.
(II) Secondly, using (27) and (29), we have
which vanishes if m ≥ n by (25) .
According to the bi-Hamiltonian theory [14, 22] , we can also express p τ 2m+1 as
whereĥ ′ m s are Hamiltonian densities, m = 1, 2 · · · , with m indicating the order of derivatives on which they depend, and
We notice that the Hamiltonian densitiesĥ m for m ≥ 1 are rational functions in derivatives and can be obtained using the method described in p.69 of [6] . But the computation is involved and we don't go further here. One also remarks that theĥ 0 is not conserved density of (13) .
From the theorem, one knows that p τ 2m+1 commutes with p tn provided 2m + 1 ≥ n. Inspired by [23] (see also [24, 25] ), we have the following Conjecture:ĥ m are conserved densities of p tn provided 2m + 1 ≥ n.
Actually, this conjecture is equivalent to the function (31)ĥ * m =ĥ m + α m,n t n−1 δ 2m+1 h n , n ≥ 3, m ≥ 1 is a conserved density for the t n−1 -flow, where
is the translating operator and α m,n are constants depending on m and n. We notice that (31) is obtained by applying the recursion operator R 2 successively to the (t n−1 − dependent) flow corresponding to the Hamiltonian density (see [23] )
where c n are constants depending on n. Using M i=1 ǫ i = 0 , (18) and (25) , one can obtain the conjecture.
In particular, when n = 2, we get that for allĥ m , m = 1, 2, · · · , they are conserved densities of (13) . Remark: The Riemann invariants of (13) are
where dλ dp | p=u i = 0 and the associated Lame cofficients Ξ i are defined by
where λ = (λ 1 , λ 2 , · · · , λ M ). Then it's shown that (13) has the conserved density [25] h( λ, λ x ) = M k=1 Ξ 2 i λ i,x .
One can believe the following identitŷ h 1 = h( λ, λ x ), (up to some scaling)but a proof is still unknown.
